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Abstract:

—This paper explores the application of Monte Carlo
simulation in option pricing, comparing its advantages and
limitations to help better understanding the complexities
of financial derivatives. Then the paper further investigates
the variance reduction strategy known as control
variates, which can check how big the error appears in
Monte Carlo simulation and improves the accuracy and
efficiency of Monte Carlo simulations. This study presents
a comprehensive analysis of theoretical foundations of
control variates and Monte Carlo simulation, and use
Python examples demonstrating the practical applications
in financial market. The results highlight the value of
sophisticated computational methods for enhancing the
accuracy of option pricing and, eventually, facilitating
better informed decision-making in a financial environment
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which is more and more complex now.
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1. Introduction

In contemporary financial mathematics, the accurate
pricing of options remains a pivotal challenge due to
the inherent complexity of financial markets and the
limitations of traditional analytical models. Options,
integral to risk management and derivative trading
strategies, necessitate precise valuation methods that
can flexibly adapt to varying market conditions and
instruments. The Monte Carlo simulation method
emerges as a robust numerical technique capable of
addressing these challenges by simulating numerous
possible future scenarios, thereby providing a proba-
bilistic framework for option pricing.

The Monte Carlo simulation relies on random sam-
pling and computing power to estimate complex
financial derivatives, such as call options, which
depend on averaging their payoffs over simulated

future states of the underlying asset. In this approach,
one does not need the simplifying assumptions used
in the analytical models since financial markets are
intrinsically stochastic, and the further ahead one
goes, the more uncertain the future price evolution
of the assets is. By simulating many scenarios and
aggregating the results, Monte Carlo methods offer
a comprehensive assessment of option values, cap-
turing the full range of potential outcomes and their
associated probabilities.

This thesis proposal will delve into the use of Monte
Carlo simulation for call option pricing to show how
well it can be used to overcome some weaknesses of
conventional models and increase pricing accuracy.
The paper, therefore, reviews the practical implica-
tions of the Monte Carlo simulations in financial risk
management through a careful review of methodol-
ogies and empirical studies on simulations. It evalu-
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ates certain variance reduction techniques, such as control
variates, and demonstrates how improvements in simu-
lation methodologies lead to more accurate and efficient
estimation in option pricing.

2. Literature Review

Option pricing has long been one of the greatest challeng-
es to be encountered in financial mathematics, since under
an uncertain market environment, hedging and specula-
tion predicate on it. Traditional models, such as the Black-
Scholes model, prescribe the general framework but can-
not capture the complexity of modern financial markets.
In those models, volatility, risk-free interest rates, and
returns of assets are assumed to be constant and normally
distributed, respectively. These assumptions very seldom
correspond to the real dynamics of markets.

In order to overcome these limitations, Monte Carlo simu-
lation is increasingly used because it is a strong numerical
technique that is able to handle stochastic character finan-
cial assets and market conditions. Monte Carlo simulation
gives several random paths for the price of the underlying
asset based on specified parameters, including volatility
and drift, where option values are calculated by averages
over the payoffs over those random paths. This approach
allows the incorporation of volatility in the market, fluc-
tuation in interest rates, and nonlinear payoffs in a more
articulate manner. It provides a more realistic valuation of
options.

Several studies have shown that the Monte Carlo simula-
tion improves accuracy in option pricing over the tradi-
tional models currently used. It has also been highlighted,
for example, by Haug and Taleb (2011), that there are a
great number of advanced payoffs and non-normal distri-
butions that are handled efficiently by Monte Carlo meth-
ods, given better estimates of pricing in volatile markets
[1]. On the other side, Andersen and Broadie (2004) dis-
cuss a Monte Carlo simulation with several methods for
creating controls of reduction techniques, that is, control
variates and antithetic variates, which improve the compu-
tational efficiency and reduce the estimation variances for
it [2].

Recent advances in computing power, along with algorith-
mic techniques, have further enhanced this applicability
of Monte Carlo simulation in financial modelling. Being
able to simulate a wide range of scenarios and incorporate
real-time market data has made Monte Carlo methods
indispensable for risk management and derivative pricing
strategies [3].

Option pricing, in the last few decades, has been a dynam-
ic field where improvements mainly come through com-
putational methods and possible refinements of classic

models. Among the developments that have been major
trumpeters, the use of Monte Carlo simulations in finan-
cial modelling has been indispensable. The Monte Carlo
methods pioneered by Boyle were followed to emerge in
the limelight owing to great flexibility in handling com-
plex derivatives featuring path dependency [4]. These
techniques have been further refined into, among others,
the works of Glasserman to introduce advanced methods
of variance reduction in enhancing computational efficien-
cy and accuracy in option pricing [3].

An important limitation of traditional models, emphasized
in contemporary research, is the assumption of constant
volatility. This weakness was surpassed by the stochas-
tic volatility models; the most well-known is the Heston
model, which models volatility as a stochastic process in
itself [5]. Further work on multi-factor stochastic volatility
models was conducted by Fouque, Papanicolaou, and Sir-
car for more realistic market behavior, especially in very
volatile markets, enabling the better pricing of options and
other derivatives [6].

Recent work by Broadie and Kaya focuses on enhancing
the computational efficiency of Monte Carlo simulations
under the Heston stochastic volatility framework [7].
Their study develops an exact simulation method for the
Heston model, which drastically reduces the bias and
variance typical with traditional Monte Carlo methods.
By incorporating control variates, their approach has been
shown to yield more accurate option prices while being
computationally feasible.

The control variates technique, crucial for developing
the variance reduction of Monte Carlo estimates, has
first been applied to financial problems by Broadie and
Glasserman and since then is extensively studied [8]. Very
recently, Giles further developed the framework of vari-
ance reduction techniques through the multilevel Monte
Carlo approach, which yet again increases the efficiency
of Monte Carlo simulations via control variates between
simulations at different levels [9].

Machine learning techniques have also begun to emerge
as one of the promising directions for the improvement
of methods of option pricing in financial modelling. For
instance, Bayer, Horvath, and Muguruza investigated deep
learning architectures in combination with traditional
Monte Carlo and stochastic volatility models and showed
that neural networks can be used for improving both speed
and accuracy in option pricing models.

In sum, the literature brings out Monte Carlo simulation as
both flexible and powerful in option pricing within mod-
ern financial mathematics. By embedding a probabilistic
framework embracing the complexity of financial mar-
kets, Monte Carlo methods enjoy considerable advantages
over more traditional analytical models, opening options
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for more valid and reliable option pricing strategies.

3. Methodology

The method adopted for this paper is the Monte Carlo
simulation, considered one of the most powerful numeri-
cal techniques in financial mathematics in options pricing.
Monte Carlo simulation may avail a strong probabilistic
framework that fits very well with the stochastic charac-
teristics following from financial assets and market vari-
ables; it therefore gives a more realistic estimation of op-
tion values than those from traditional analytical models.
Monte Carlo simulation generally generates a large num-
ber of random paths that the price of the underlying may
take, usually based on processes such as the geometric
Brownian motion. This approach enables one to approx-
imate the value of option payoffs over an enormously
wide range of simulated scenarios that grasp the whole
gamut of possibilities. The core of this approach would
be in computing the expected payoff in each scenario and
combining these payoffs to obtain the present value of the
option.

To enhance the efficiency of Monte Carlo simulations,
control variates are employed as a variance reduction
technique. Control variates are developed by the introduc-
tion of an auxiliary random variable correlated with the
key variable of interest. In option pricing, by using control
variates, the accuracy of the Monte Carlo estimates can be
refined through the adjustment of simulated payoffs ac-
cording to historic data and performance linked to finan-
cial assets.

First, one must validate the results from the Monte Carlo
simulation. The sensitivity analysis will show how a vari-
ation in some of the input parameters regarding volatility,
interest rates, and time to maturity can yield different
option prices. Hence, this would portray the robustness of
the results concerning various market scenarios and pa-
rameters.

By nature, Monte Carlo simulations are very computation-
al; hence, efficient algorithmic implementation combined
with optimization techniques allows for effective man-
agement of computation time and resources. For instance,
parallel computing or GPU acceleration might be con-
sidered for large datasets or in the case of more complex
derivative structures to accelerate the simulations.

In conclusion, by using advanced numerical methods and
applying various techniques for variance reduction, such
as a control variates technique, this study tries to contrib-
ute to further development of academic achievements in
financial mathematics and risk management practices.

4. Verification

First, there is a general formula in Monte Carlo estima-
tors.
1+r—-d
= 1
= 1)
(r means the interest rate; d means the stock downside
multiplier; u means the stock up multiplier.)
The Monte-Carlo approach is that it generates many coin
tosses (i.e., stock price) and then computes the empirical
average. l.e., this work has examples f,, ..., f, of F (S,)
for some N. Then

1 (13
X°~1+r(N;fij @)
With the Monte Carlo technique, this work can use it in
option pricing. Suppose the pairs (X,, Y;), i=1, ..., nis
i.i.d. (independent and identically distributed) sequence of
random variables with the same distribution as X & V.
Here are some formulas about control variates. Suppose
the expectation E[Y] is known. The control-variates esti-
mator with parameter b of E[X] is defined by

— n

xn(b):xn_b(vn_E[Y]j:%;(xi—b(vi—E[Y])) o

Note that the observed error \?n-E[Y] is used to control

the estimation of E[X]. The mean of the control-variates
estimator is

£ X(0) |- TXE[XB-EX] @

The variance of the control-variates estimator is

Var(x n (b)j = %ZVar( X;(b))= 1Var(Xi (b))
n° 43 n

_1

n

This variance is a function in b and this work want to min-

imize it with respect to b (recall: this work is allowed to
choose b). By setting the derivative in b equal to zero this

work can get the value b" that minimizes the variance

®)
(Var(X)—2bCov(X,Y)+b¥Var(Y))

Var(X (b)) . This value is given by

“ XY
b =Cov( Y) ©)
Var(Y)
Substituting b” for b, this work obtains

Var(xn(b*)):%(Var(X)——COV(X’Y)ZJ @)

Var(Y)
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This expression and the fact that

Var(f(nj:%Var(X) (8)
imply that
Var(Xn(b*)j_l_ Cov(X,Y)’ 9)
7 var(X)var(Y)

Var[)_(nj

There is an example to show how control variates help
reduce the variance of Monte Carlo estimators to improve
the quality of the approximation. Suppose SO - the true
price - equals to 70, the strike price equals to 60, and the
period equals to 5. Based on these data, the Monte Carlo
estimate of the call price equals to 32.297. To observe the
trend in the estimated option value, python is used in this
work to generate some random numbers to draw a picture
about the rolling average of approximated call value. As
shown in Figure 1, the x-axis means number of samples,
and the y-axis means approximated call value. Figure 1
shows that the mean values of both lines are similar, but
the variance of blue line is much larger than the orange
line. Specially, the blue line overestimates the call value
when the sample size is not large enough, and as the sam-
ple size increases, the approximated call value is closer to
the real value. By contrast, the orange line always closer
to the real value than the blue line.

Performance of control variates
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Figure 1. A comparison between standard
Monte Carlo estimator and control variates.
Figure 2 shows how many reduction control variates can
do with different strike price. Although the reduction be-
comes smaller when the strike price becomes larger, the
reduction is still large enough to help this work approxi-

mate the real call value.
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Figure 2. Reduction changes with different
strike price.

5. Conclusion

The empirical study in this thesis proposal aims to apply
Monte Carlo simulation to assess the efficacy of option
pricing, specifically focusing on call options, in dynamic
financial markets. The study will be structured to evaluate
the performance of Monte Carlo methods in capturing the
value of options under varying market conditions and pa-
rameter settings.

The Monte Carlo experiment will be built around gener-
ating a large number of random paths for the price of the
underlying asset modelled under stochastic processes,
such as geometric Brownian motion. Realistic market
dynamics are captured by suitably calibrating parameters
such as volatility, risk-free interest rates, and time to ma-
turity using historical market data with the help of stan-
dard financial models.

The accuracy and reliability of the Monte Carlo estimates
are investigated in this study for some metrics, consider-
ing the mean squared error, bias, and dispersion. Provided
metrics will give an important insight into the precision of
the option pricing estimate by Monte Carlo simulations in
comparison with theoretical values and market observa-
tions.

The biggest part of the project involves comparing the
Monte Carlo estimates using control variables with those
that do not employ control variables. In these various
simulations, control variates shall be applied to reduce the
variance by making use of either historical data or even
the performance of related assets. This provides a com-
parison that shows how efficient the methods for variance
reduction are in enhancing the accuracy and efficiency of
Monte Carlo simulations of option price.

The sensitivity analysis, considering how the alteration in
input parameters—a change in volatility, interest rate, or
prices of the underlying asset—changes the option prices,
would therefore give a better insight into how robust the
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Monte Carlo simulations could be under different market
scenarios and settings of parameters. This will therefore
enhance the credibility and applicability of the study.

This work wants to give above all some meaningful de-
velopment to the understanding of the efficiency of the
Monte Carlo method and of its practical applicability in
financial mathematics and in risk management by means
of advanced numerical techniques and exhaustive sensi-
tivity-variance analysis.
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